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Abstract
We investigate a sequence of quadratic topological terms of the Chern-Simons type in differ-
ent spacetime dimensions, related by dimensional compactification and sharing the properties of
topological mass generation and statistical transmutation.
1. The Chern-Simons term is usually considered at
spacetime dimension D = 2 + 1 and is given by (up to a
mass dimension constant) [1]
SCS =
∫
d3x µνρ ∂µAνAρ (1)
We are going to refer to the Abelian case only. Consider-
ing that the 0+1 dimensional case is just given by
∫
dt A


















The case of D=3, given by (1), however, is special for
many reasons. Firstly, it is the only one that is quadratic
in Aµ (note that in D=4 and actually in any even dimen-
sion it is a total derivative and, therefore, trivial). In this
sense, D=3 is the only case where it can be used alone as
a “kinetic” term for Aµ. Secondly, it is well-known that
in this case it produces a change in the statistics of the
particles that couple to Aµ [3]. Another feature of SCS3
is that, if we consider it together with a Maxwell term, it
generates a mass for Aµ, the so called topological mass
generation.
In view of the special characteristics of SCS3 and the
fact that the number of gauge fields is not the same for
any D we also conclude that these terms cannot be linked
by any kind of dimensional compactification. It would be
very interesting, on the other hand, to be able to gener-
ate a whole sequence of topological terms by dimensional
reduction. For this purpose, we consider the possibility
of constructing topological terms involving gauge fields
of different ranks. These terms are not necessarily triv-
ial for even spacetime dimensions. In fact, for D = 4,
Cremer and J. Scherk [4] introduced the following term,
S4 =
∫
d4x µνρλ ∂µAνBρλ (3)
where Bµν is the antisymmetric Kalb-Ramon field [5]
whose gauge transformation is expressed in terms of a
vector parameter ξµ as
δBµν = ∂µξν − ∂νξµ (4)
This term can be associated to a mechanism of mass gen-
eration for the gauge fields Aµ or Bµν [4,6]. Indeed, con-






































respectively, upon integration over Bµν or Aµ. It is op-
portune to mention that its non-Abelian version [7] can
also be used as an alternative mechanism of mass genera-
tion for the gauge fields in the electroweak theory without
Higgs bosons [8].
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The topological term given by (3) presents the three
features closely related to the ones of (1). It is quadratic
in the fields, it generates a mass for these fields and it
is also related to the change of statistics of extended ob-
jects, namely, strings, in D = 3 + 1 [9]. It is, therefore,
natural, attempting to find another sequence of terms
containing (1) and (3), and presenting the common fea-
ture of being quadratic. We are going to see that some
other features are also shared.
2. The motivation of the present paper is to make a
general study of a new sequence for topological terms, by
considering that these terms always have two fields (with
the same rank or not). Since even dimensional terms are
not necessarily zero, our guide will be that a term from
a dimension D can be obtained from compactification of
a term higher than D. The only natural constraint we
impose is that the usual Chern-Simons term in D = 2+1
takes part in the sequence.
In order to have a better comprehension of the prob-
lem, let us start from a specific spacetime dimension,
say D = 5. At first sight, the corresponding Chern-
Simons term could be written by means of two gauge
fields of rank two, i.e.
∫
d5x µνρλη ∂µBνρBλη. However,
this term corresponds to a total derivative and conse-
quently is not a good candidate for a Chern-Simons at
spacetime dimension D = 5. The next one to play this
role is formed by a totally antisymmetric gauge field of
rank three and a vector field, namely
S5 =
∫
d5x µνρλη ∂µAνCρλη (8)
The gauge transformation for the rank three gauge field
Cµνρ should be
δCµνρ = ∂µζνρ + ∂ρζµν + ∂νζρµ (9)
where ζµν is an antisymmetric gauge parameter.
The consistency of the term given by (8) can be verified
by performing the compactification of one space dimen-
sion and see if the Chern-Simons term at D = 4, given by
(3), is obtained. We use the spontaneous compactifica-
tion procedure [10]. Let us compactify the coordinate x4.
Using a more convenient notation, where capital Roman











+ ∂λA4Cµνρ + 3 ∂µAµCρλ4
)
(10)















































Since all fields in (10) are assumed to be real, we must
have A(n)µ = A(−n)µ, φ

(n) = φ(−n), and so on.
Considering similar expansions for the parameters re-
























we obtain the following gauge transformations for the
mode expansions that appear in (11)





δC(n)µνρ(x) = ∂µζ(n)νρ(x) + ∂ρζ(n)µν(x)
+ ∂νζ(n)ρµ(x) (15)






ξ˜(n)µ(x) = ζ(n)µ4(x) (17)
Comparing (4) and (16), we observe that just B˜(0)µν
can be identified with Bµν where one takes ξ˜(0)µ = ξµ.
Let us now insert the expansions given by (11) into


















Since B˜(0)µν can be identified with the tensor gauge field
Bµν and there is no problem in identifying A(0)µ with Aµ,
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the Cremer and Scherk topological term given by (3) is
actually present in the compactified expression (18) for
n = 0. Further, there is another kind of topological term
that can also be identified in (18) for n = 0, involving a
real scalar field and a three-form gauge field, namely
S04 =
∫
d4x µνρλ ∂µφCνρλη (19)
where φ = φ(0). In fact, we could also have written a




d5x MNPQR ∂MφDNPQR (20)
It is not difficult to see that the spontaneous compacti-
fication of this term also leads to S04 given by (19), but
not to (3).
3. We now proceed in a similar way and go to slower
dimensions. Having the same care in identifying vector,
tensor and scalar fields for n = 0, we get from D = 4 to
D = 3 the usual Chern-Simons terms given by (1) and




This term can be reached by compactification of both S4
and S04, and has also been considered in a recent litera-
ture [11]. It is easily seen that topological terms involving
scalar field is a kind of residual Chern-Simons term that
appears at any spacetime dimensions. However, in D = 2




d2x µν∂µAν φ (22)
S1 =
∫
dx φ˙ ϕ (23)
In the obtainment of (23), the two different scalar fields
come from A(0)1 and φ(0).
The term (21) also has been shown to produce a mass
generation for the corresponding fields [11]. For the one
given by (22) and considering the kinetic terms for φ and












After integrating over φ and Aν , we respectively obtain






















and we, once again, identify the mass generation mecha-
nism. A similar procedure also happens to (23).
We observe that the topological term in D = 1 does
not match the corresponding one of the sequence given
by (2). Even though that term appears naturally in the
framework of quantum field theory, in the sense that it
can be generated by quantum corrections of fermionic
loops [2], the SCS1 term is not related to mass genera-
tion. This property on the other hand is fulfilled by the
term given by (23). Concerning the quantum generation
for the terms of the sequence we are studying, we remark
that they are also consistent from the quantum point of
view. What happens is that they emerge in an almost
trivial way. For example, for the term given by (3), the
µνρλ tensor appears directly from the interaction ver-
tices involving fermion and tensor fields, while the usual
Chern-Simons term in D = 3 comes from the trace of
gamma matrices in a one-loop calculation.
4. In the previous section we have considered topologi-
cal terms by making spontaneous compactification start-
ing from D = 5. From the results we have by now, it
is feasible to infer those terms for spacetime dimensions






d6x µνρληξ ∂µAν Dρληξ
S006 =
∫
d6x µνρληξ ∂µBνρ Cληξ (27)






d7x µνρληξζ ∂µAν Eρληξζ
S007 =
∫
d7x µνρληξζ ∂µBνρ Dληξζ
S0007 =
∫
d7x µνρληξζ ∂µCνρλ Cηξζ (28)
and it is not difficult to infer the general case. We observe
that the number of terms increases with the spacetime di-
mension. There is just one term for D = 1 and D = 2.
For D = 3, 4, 5 there are two terms. In fact, there would
be three terms for D = 5, but one of them, involving two
fields of rank two, is a total derivative. The same does
not occur for example for D = 7, where the correspond-
ing term involving two gauge fields of rank three is not
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a total derivative. This just occurs when the two equal
gauge fields have even rank.
The number of topological terms for a specific dimen-
sion D is D/2 for D even. In the case of odd D we have
that the number is the integer closer to < D/2 if the
term with two equal gauge fields is a total derivative and
> D/2 when it is not.
An important point to be emphasized is that even
though the number of topological terms increase with D,
there is one term at each specific spacetime dimension
that is more important than the others in a sense that
it generates all the other terms for slower dimensions. It
is not difficult to identity these terms. For example, at
D = 5 this term is S5, in D = 6, S006 , and in D = 7, S
00
7
(notice that it is not S0007 because it would not generate
S06).
As far as statistical transmutation is concerned, we see
that S3 and S4, are respectively related to the change
of statistics of particles and strings coupled to the cor-
responding fields. S2, on the other hand, is related to
bosonization in D=2 [12]. It is likely that S6 would be
associated to the statistical transmutation of membranes
in D=5. We are presently investigating this issue.
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